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1. Introduction 



, Let G be a semisimple simply connected algebraic group over an alge- 

\ braically closed field of characteristic different from 2. Given an involution 

a of G with fixed subgroup G a , we fix a subgroup G a C H C Ng(G u ). 

Our goal in this paper is the study of the action of H on certain comple- 
tions of G/H with the methods of geometric invariant theory. 

The study of such problems starts with the famous paper [12] of Kostant 
and Rallis in which the H action on the quotient LieG/Lie-ff is studied. 
CN ■ This can be considered as an infinitesimal version of our study. Results 

similar to those in [12j have been later obtained by Richardson in [14] in the 
q \ case of the quotient G/H. 

■ In particular Richardson has proved, among other things, that if we take 

the image Sh in G/H of an anisotropic maximal torus S in G and consider 
the action of the restricted Weyl group W on Sh (see below for the defini- 
tions), the GIT quotient HX\G/H is isomorphic to W\Sh- Furthermore he 
shows that the closed H orbits in G/H are precisely the orbits of elements 
in S H - 

In this paper we generalize these two results to the case of a completion 
r> \ Y of G/H. In particular we reprove the results of Richardson mentioned 

above. 

To state our result take a smooth toroidal projective G equivariant com- 
pletion Y of G/H. In Y consider the closure Yg of Sh- The W action on 
Sh extends to an action on Yg. Fix an ample line bundle £ on Y. Our first 
result is that the GIT quotient H\\cY relative to C is isomorphic to W\Yg. 
In particular this quotient does not depend on the choice of C. (Theorem 

EH). 

We then pass to the study of the set Y ss C Y of semistable points in Y 
with respect to C Also in this case we show that Y ss does not depend on the 
choice of £ (Remark 15.6 j) and we describe rather precisely the intersection 
of Y ss with any G orbit. In particular we show that given two H orbits 
0\ C O2 in Y ss then they both lie in the same G orbit (Proposition I6.1j) 
and that a H orbit O in Y ss is closed if and only if it meets Yg (Theorem 
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16. 4h . These last facts allow us to give a version of our results in the case of 
any G stable open subset in Y. 

The proofs of our results are rather straightforward in characteristic zero 
and are based on the careful analysis of sections of line bundles on Y given 
in [T] and [2]. However to carry out our proofs in positive characteristic 
we have to deal with a number of rather technical results which often do 
not appear in the literature and which, in view of this, we have decided to 
explain here. 

2. Preliminaries 

In this section we introduce notations, recall some simple properties and 
describe the spherical weights relative to a given involution. 

Let us choose an algebraically closed field k whose characteristic is not 
equal to 2. Usually all algebraic group schemes in this paper are going to be 
affine and defined over k but, occasionally we are going to consider group 
schemes defined over the ring A := Z[l/2] and flat over Spec A. Gothic 
letters are going to denote Lie algebras. 

Let G be a semisimple and simply connected algebraic group. Let G be 
the adjoint quotient of G and Z the kernel of the projection of the isogeny 
G — > G. This is a possibly not reduced subgroup of G whose associated 
reduced subvariety is given by the center of G. 

Let a be an involution of G and let H° = G a be the subgroup of elements 
fixed by a. We consider also the inverse image H under the isogeny G — > G 
of the subgroup of G of elements fixed by the involution of G induced by a. 
We recall that H° is connected and reductive and that H is a possibly not 
reduced subgroup of G whose associated reduced subgroup is the normalizer 
Ng{H°) of H°. It is known that the connected component of the identity 
of H with reduced structure is equal to H° (see [1]). 

Let now H° C H C H be a possibly not reduced subgroup of G. The 
quotient G/H = Speck[G]^ is called a symmetric variety. 

We fix an anisotropic maximal torus S of G, that is a torus of G such 
that a(s) = s -1 for all s G S, and having maximal dimension among the tori 
with this property. The dimension I of S is called the rank of the symmetric 
variety. We choose also a a stable maximal torus T of G containing S 
and a Borel subgroup containing T with the property that the intersection 
Br)a(B) has minimal possible dimension. Occasionally we will also need to 
consider isotropic tori, that is tori contained in H. 

2.1. Ring of definition. It will be important for us that the classification 
of involutions is independent of the characteristic (see |17j). So we can use 
Kac classification or Satake classification to construct the involutions. If 
we use Kac classification we see that we can assume that G, a and hence 
H are all defined over A and that there is a maximally isotropic maximal 
torus (this means a maximal torus of G containing a maximal torus of H°) 
defined over A and a a stable Borel subgroup containing this torus also 



THE QUOTIENT OF A COMPLETE SYMMETRIC VARIETY 



3 



defined over A. On the other hand if we use Satake classification, we see 
that we can assume that G,a,H°, the maximal torus T, the torus S and 
the Borel subgroup B are all defined over A. However, occasionally, we 
will need to work with a A form of G where both maximally isotropic and 
maximally anisotropic maximal tori are defined and split over A. 

We start with a flat A form G of G, and with a a defined over A con- 
structed using Kac diagrams. So H° is defined over A and there exists a A 
split maximal torus N of H° defined over A and a A split maximal torus M 
of G defined over A containing N . The characters of M, N are defined over 
A and the root decomposition of the Lie algebra of G is also defined over 
A. In particular all Borel subgroups containing M are defined over A. Let 
Bm be a a stable Borel subgroups of G containing M. Let \P and C \P 
be the corresponding sets of roots and positive roots of the Lie algebra of G 
with respect to Bm- Finally notice that also H, hence H, can be assumed 
to be defined over A. 

We want to show that in G there is a maximally anisotropic maximal 
torus defined and split over A. This slightly strength a result in [6]. 

Lemma 2.1. There is a torus S in G defined and split over A such that 
a(s) = s^ 1 for all s £ S and S has maximal dimension among the tori 
with this property. Moreover there is a maximal torus T of G containing S 
defined and split over A. Finally the root decomposition of q with respect to 
the action of the torus T is defined over A and there is a Borel B subgroup 
containing T and defined and flat over A such that the dimension of o~(B)nB 
is the minimal possible. The two Borel subgroups B and Bm are conjugated 
by an element o/G(A). 

Proof. For each root (5 S ^ denote by up{t) the corresponding one parameter 
subgroup. This subgroup can be defined over A. We construct (see 
§VI.7) the torus T as follows . Let B C be a set of roots maximal among 
the subsets with the following properties 

i) f3 G B implies a((3) = f3 and a(up(t)) = up{—t); 

ii) /?,/?' eB implies P + p, (3 - £ *. 
For each (3 € B set 

9f3 = up(l)u-p(-l/2), and g B = f| gp. 

pes 

Notice that since by ii) the roots in B are orthogonal to each other, the 
elements gp as (3 runs in B commute and gjg is well defined and lies in 
G(A). 

We then set T = geMg^ 1 and S = gB^BQ^ where Mb is the subtorus 
of T corresponding to the coroots in B. By [11] §VI.7 T and S have all the 
required properties. 

Our claims about the root decomposition now follows from the analogous 
properties for the torus M, and under this hypothesis it is clear that each 
Borel containing T is defined and flat over A. Also notice that gB^Md^ 1 
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is a Borel containing T so it must be conjugated to B by an element in 
Ng(T). Now by Lemma 2.7 in [6] every element of the Weyl group has a 
representative in G(A) proving the last claim. □ 

We finish this section with a simple Lemma regarding invariants. Since 
we are going to deal with non necessarily reduced algebraic groups let us 
recall that if L is a not necessarily reduced algebraic group and V is a 
representation of L, a L invariant vector v G V is a vector whose image 
under the coaction V — ► V (g> k[L] is u (g> 1. 

Lemma 2.2. Lei L 6e an algebraic group scheme defined and flat over A 
(we do not assume that L is either connected or reduced in general) and 
let V be a finite dimensional representation of L defined and flat over A. 
Assume that V{C) L ^ + 0. Then there is an L invariant vector defined 
over A whose reduction modulo p is different from for all odd primes p. 
In particular V(k) L ^ ^ 0. 

Proof. Let Va be an A lattice compatible with the action. The action of L 
on V is given by the coaction map a" : Va — ► A[L] ®a Va- If B is a A 
algebra, set a B = ids <8>a o}. Thus an element -u in V{B) := B 0a Va is 
fixed by L if a B (v) = 1 ® v . Let now F : Va — ► A[L] <S>a Va be given by 
F(v) = cfi(v) - 1&V and F B = ids 8> -F. T/(i?) L = ker F B . In particular 
notice that when £> is a field of characteristic zero we have, since Va is a free 
A module, that ker F B = B® A ker F. In particular 1/(C) L(C ) = C ®a ker F 
is defined over A. Moreover since also A[L] ®a has no torsion, we have 
that if n £ Z \ {0}, u S Va and G kerF then u G keri 7 . So kerF is a 
direct summand of Va- 

It follows that k <S>a kerF injects into a non zero subspace of y(k) L ( k ) 
proving our claim. □ 

2.2. Spherical weights and the restricted root system. We want to 
describe now the Weyl modules of G which have a non zero H invariant 
vector. 

If A is a torus we denote with its character lattice Hom(A, k*). Given 
a surjective homomorphism A — ► B between tori, we are going to consider 
Ab as a sublattice of A a- 

Let A = At and let r : A — * As be the surjective homomorphism induced 
by the inclusion S C T. Let also $ be the root system of q with respect 
to T, <I> + (resp. A) be the choice of positive roots (resp. the simple roots) 
corresponding to the Borel B and A + be the dominant weights with respect 
to B. 

Every character A of T extends uniquely to a one dimensional character 
of B and we define C\ as the line bundle G xg k_^ on G/B. Every line 
bundle on G/B is isomorphic to a line bundle of this form. For A G A + the 
Weyl module V\ is defined as the dual of the space of sections T(G/B,C\). 
With the choices of the previous section, all these objects are defined over 
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A. Furthermore it is well know [TO] that T(G/B,£\) and hence V\ is flat 
over A . Occasionally we will have to consider also line bundles on a partial 
flag variety G/P where P is a parabolic subgroup containing B. The natural 
projection G/B — > G/P induces an inclusion of Pic(G/P) in V\c(G/B) = A 
and allows us to identify Pic(G/P) with the sublattice Ap of A consisting of 
those characters A of B which extend to P. For A 6 Pic(G/P) we are going, 
by abuse of notation, to denote by C\ the line bundle G Xp k_A on G/P. 
We define the monoid of dominant H spherical weights as 

n+ = {A€A+ : T(G/B,Cx) H ^ 0} 

and the lattice of spherical weights as the lattice generated by Qjj. We 
set also Q = Q,h° and Q + = Q~^ . 

Recall that, since H has an open orbit in G/B, if A S A + then the space 
of H invariant sections T{G / B, C\) H is at most one dimensional. A non 
zero vector in T{G / B, C\) H will be called a spherical vector. 

Let us now give a description of f2. In characteristic zero Q has been 
described by Helgason [9] using analytic methods. An algebraic proof of 
these results has been given by Vust [TO]. The Theorem of Vust is stated in 
characteristic zero but its proof can be used verbatim in any characteristic 
different from 2 once we replace V\ with V£. Moreover Vust's proof can also 
be easily adapted to describe the lattice £Ih- Let Sh = S/S n H then we 
have the following Theorem. 

Theorem 2.3 (Vust [TO] Theoreme 3). Let A G A + then AeOjj if and only 
if a(X) = —A and r(A) € As H . 

We will need also to study quasi invariants under the action of H, so 
we define a dominant weight A to be quasi spherical if the representation 
T(G/B, C\) has a line fixed by H. We denote the monoid of quasi spherical 
dominant weights by il + and we set IT equal to the sublattice spanned by 
II + and call it the lattice of quasi spherical weights. 

Quasi spherical weights have been described in terms of spherical weights 
and exceptional roots by De Concini and Springer in [6]. 

Let $o (resp. Ao) be the set of roots (resp. simple roots) fixed by a and 
let <&! (resp. Ai) be the complement of $0 hi 3* (resp. of Ao in A). With our 
choices of the Borel subgroup B we have o~(a) € for all a G & f = 
(see [4]). Moreover the involution a induces an involution a of Ai where 
a (a) is the unique simple root such that a{a)+a{a) lies in the span of Ao- A 
simple root a € Ai is said to be exceptional if a{a) 7^ a and «(cr(a), a) 7^ 0, 
K being a non degenerate bilinear form on A invariant under the action of the 
Weyl group. We denote by {ui a }a£A, the fundamental weights with respect 
to the simple basis A. We have, 

Theorem 2.4 (De Concini and Springer [6] Lemma 4.6 and Theorem 4.8). 

i) For each A G Ii + the line fixed by H is unique. 

ii) LT + is generated as a monoid by Vt + and the fundamental weights ui a 
corresponding to the exceptional roots. 
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The set of spherical weights is related to the restricted root system as 
follows. Let us quickly recall how restricted roots are defined. If a G $ is 
not fixed by a we define the restricted root a as a — a{a) and the restricted 
root system C A as the set of all restricted roots. This is a (not necessarily 
reduced) root system (see [2]) of rank i and the subset $ + (resp. A) of 
restricted roots a with a positive (resp. a simple) is a choice of positive 
roots (resp. a simple basis) for 

We collect in the following lemma some known and easy consequences of 
the previous theorems. 

Lemma 2.5. 

i) n n A+ = n+ and n H n A+ = njj; 

ii) In the adjoint case we have f2/j = Z[$]; 
Hi) In the simply connected case we have 

= {AeA: cr(A) = -A and G Z for all a G 

iv) If A G A and nX G f2 for some positive natural number n then o~(\) = 
-A; 

v) The restriction of r to is injective and r(f2#) = Ag H . 

In particular, by Hi), Q + is the set of dominant weights of the root system 
<]?, so it is a free monoid of rank I and a basis of it is given by fundamental 
weights Co a with respect to A. Notice that if a is exceptional also (3 = a (a) is 
exceptional. If this is the case, we shall call a G A an exceptional restricted 
simple root and we recall that Cba = oo a + U)n. 

Finally we apply Lemma 12.21 to our situation. 

Corollary 2.6. // A G then V\ has a nonzero vector fixed by H and if 
A G IT + then V\ has a line fixed by H. More precisely there is a vector of 
V\ defined over A whose reduction modulo any odd prime is different from 
and fixed by H (respectively spans a line fixed by H). 

Proof. Let G, a, V\ be defined over A as explained above. Let M, N, Bm be 
as in section 12.11 In particular any character of the group H° is a character 
of N hence it is defined over A. 

Let now A G f2#. Since V\(C) contains a non zero vector fixed by H the 
claim follows from Lemma 12.21 

In general notice that since H° is a spherical subgroup (it has an open 
orbit in G/B) it acts on two different lines in V\(C) stabilized by H° with 
different characters. In particular any line in V\(C) which is stabilized by 
H°(C) must be defined over A: indeed let R be such a line and consider 
the character x of H° given by the action of H° on R. Recall that with our 
choices all characters of H° are defined over A. By applying Lemma 12.21 to 
V\ <S> X~ l we see that the line R must be defined over A. In particular the 
line stabilized by H(C) in V\(C) is stabilized by H° so it is defined over A 
and it is H stable. □ 
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2.3. Line bundles on G/H. In this section we want to study some prop- 
erties of the line bundles on G/H. We begin with a remark on H/H. 

Lemma 2.7. The coordinate ring of H/H is isomorphic to the group algebra 

k[n H /n B }. 

Proof. Let H n S = H Xq S be the scheme theoretic intersection of H and 
S. By Proposition 7 in [19] we have H = H° ■ (H n S). So we have 

H/H ~ H n 5/ff n 5 ~ ker{5// — > S S }. 

where the kernel has to be considered scheme theoretically. Now by Lemma 
12.51 v) we have Sg ~ Speck[f2^] and Sh — Speck[f2#]. 

It follows that, if we denote by e x the function on Sh corresponding to 
X G the coordinate ring of the kernel is then given by k[Sy/(e x — 1 : 
X G &h) — M^.ff/^.ff]> proving the claim. □ 

We denote by xh the point of G/H corresponding to the coset eH and 
by qn '■ G/H — ► G/H the projection induced by inclusion H C H. 

The line bundles on G/H are parametrized by the set of one dimensional 
characters Ah of H by associating to a line bundle C the character by which 
H acts on the fiber of C over xh- 

If A G II + by Theorem 12.41 the line fixed by H in y A * is unique and we can 
consider the character — Xff(A) given by the action of -ff on this line. The 
map xh '■ n + — > A// extends to a group homomorphism x# : n — > A// 
and by Lemma 12.51 i) the kernel of this homomorphism is given by VI h- In 
particular for any £ G Tl/Q H we can consider a line bundle on G/.ff 
whose associated isomorphism class is given by Xh(0- 

Proposition 2.8. The vector bundles {qh)*{Og/h) an d ®^en H /n a ^€ on 
G/H are G equivariantly isomorphic. 

Proof. Set E# = Q,h/£I h . Notice first that by Lemma 12.71 the map qn is a 
covering of degree equal to the cardinality of 3#. So the two vector bundles 
(<1h)*(Og/h) anci ©£eE ff ^€ nave the same rank. 

If £ G S# then q H (C^) is trivial for all ^ as a G linearized line bundle. So, 
by adjunction, we have a G equivariant monomorphism of sheaves £g — > 
(qh)*(Og/h)- We deduce for any subset R C Eh a G equivariant map 
1R '■ ©£e-R^€ ~~ * (Qh)*(Og/h)- Since 7r is equivariant the induced map at 
the level of the total spaces of vector bundles has constant rank. 

We claim that 7^ is of rank \R\. If \R\ = 1 this is clear by the above 
considerations. We proceed by induction. Write R = R' U {£}. 7^ is 
of rank \R\ — 1. Assume tr is not of maximal rank. We clearly get an 
inclusion j : — > ®^^r'C^i. In particular there exists £' G R' such that the 
composition of j with the projection onto is a non zero G equivariant 
morphism and thus an isomorphism of line bundles. Since £ 7^ £' this is a 
contradiction. 
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If we apply this to R = Eh and use the fact that {<Ih)*{PgIh) an d 
©£e-H have the same rank we get that 7= H is a isomorphism as desired. 

□ 

3. Completions of symmetric varieties 

An embedding of a symmetric variety G/H is a normal connected G vari- 
ety Y together with an open G equivariant inclusion jy : G/H C Y . We set 
yo equal to the image of xjj under this embedding and call it the basepoint 
of Y. We are also going to consider the finite covering try ■ G/H° — ► Y 
of jy given by wy (gH°) = g • yo- We denote by Yq the image of jy and set 
dY = Y \ Yq and Ay equal to the set of irreducible components of dY of 
codimension 1 in Y. 

A line bundle C on Y is said to be spherical if tt y (C) is isomorphic to the 
trivial line bundle on G/H°. We denote SPic(y) the subgroup of the Picard 
group Pic(y) of Y of spherical line bundles. We also say that a line bundle 
is strictly spherical if restricted to the open orbit G/H it is isomorphic to 
the trivial line bundle and we denote by SPico(l^) the subgroup of Pic(Y) 
of classes of strictly spherical line bundles. 

Many of the properties of Y can be deduced from corresponding properties 
of the associated toric variety Y$. This is defined as the closure of the orbit 
S ■ yo in Y. Notice that since S ■ yo is isomorphic to Sh , Ys 1S a toric variety 
for the torus Sh- The normalizer Nh°(S) of S in H° acts on Ys and the 
action of the centralizer Zh°{S) of S is trivial. It follows that we have an 
action of the restricted Weyl group W = Nh°{S) /Zh°(S) on Ys. 

We are now going to describe an open subvariety Yg of Ys with the 
property the W translates of Yg cover Ys- Let Ag be the lattice of one 
parameter subgroups of S. If rj E Ag and there exists the limit limt_ +00 r](t) ■ 
yo we denote this limit by y v . We say that r\ £ A^ is positive if a(rj(t)) is a 
non negative power of t for all a G A and let Y^~ the union of the 5 orbits 
of the elements {y v : rj £ A^ is positive}. It is then immediate to verify 
that Ys = WYg . Indeed if y £ Ys there is a rj G A^ and a s G S such that 
y = s(limt_ i . tX) 7](t) ■ yo). Since rj is W conjugate to a positive one parameter 
subgroup we deduce y is W conjugate to an element in Yg~. 

3.1. The wonderful compact ificat ion of a symmetric variety. The 

so called wonderful compactification X of the symmetric variety G/H has 
been introduced in characteristic zero in [3] and in arbitrary characteristic 
in [6] . We want to very briefly recall some of the basic properties of X and 
introduce some notations. 

Recall that by Lemma [2.5l and Theorem 12. 31 a basis of the character lattice 
As B is given by the set A = {cti, . . . , ag} of simple restricted roots (with an 
arbitrarily chosen numbering). Thus we get an action, defined over A, of S H 
on the affine space given by s(a±, . . . , ag) = (di(s)ai, . . . , d^(s)a^) . The 
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following Theorem can be taken implicitly as the defnition of the wonderful 
compactification. 

Theorem 3.1 (Theorem 3.1 in [3J, Proposition 3.10, Theorem 3.10 and The- 
orem 3.13 in |l6]). The wonderful compactification X ofG/H is the unique 
G/H embedding such that 

i) X is a smooth projective G variety and the closure of every G orbit 
in X is smooth. 

ii) dX is a divisor with normal crossing and smooth irreducible compo- 
nents. 

Hi) given a G orbit O C X, O is the transversal intersection of the 
irreducible divisors in Ax containing it. 

iv) The intersection of any number of divisors in Ax is aG orbit closure. 
In particular the intersection of all divisors in Ax is the unique closed 
G orbit in X. 

v) There exists a scheme X defined and flat over A whose specialization 
to h is isomorphic to X . Moreover the point xq = Jx( x h) is defined 
over A. 

vi) Let G be as in Section \2.l\ There is an action of G on X that 
specializes over k to the action of G on X. 

vii) We have an isomorphism Xt ~ as Sh° toric varieties defined 
over A. 

Since any projective G variety is isomorphic to a variety GJP with P a 
parabolic subgroup containing B, we have already remarked that its Picard 
group can be identified with a sublattice of A. Thus composing with the 
homomorphism induced by the inclusion of the unique closed orbit, we get 
a homomorphism j : Pic(X) — > A. One has, 

Theorem 3.2 (Theorem 4.2 and Theorem 4.8 in [6]). 

i) The homomorphism j is injective and its image is the sublattice U of 
A. 

ii) The map D — ► j{0{D)) is a bisection between Ax and A. 

Notice that combining these two results we easily see that we get a bisec- 
tion between the subsets T C A and the set of G orbit closures defined by 
associating to V the intersection 

:= ^{D\j(o(D))er}D. 

In particular X^ is the unique closed orbit while X = X . Let also X& = 
X[ 6 j for a G A. 

For each A G II we choose a line bundle C\ on X such that j(C\) = A in 
the following way. First we choose a basis B of IT and for each (3 G B we 
take a line bundle with the required property. Now, for A = Ylp^B C P P e ^> 
op G Z, we set C\ := (S>peB ■ We denote the restriction of these line 
bundles to by the same symbol. 
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If L C A is a sublattice of A, then our definition allows us to consider the 
graded rings 

R L (X):=($r(X,£ x ) and R L (X A ) := T(X A , £ A ). 

agl agl 

The ring R(X) = Ru(X) it is called the Cox ring of X and it was studied 
in the case of the variety X in [3] where it was called the ring of all sections. 
The fact that G is simply connected implies that each line bundle on X has 
a canonical G linearization. It follows G acts on Ri(X) and Rl(Xx). 

The space T(X, C\) of sections of C\ has been described as a G module 
in [3] and [6]. Let us recall here this description. 

Recall that a good filtration of a G module W is a filtration W = Wq D 
Wi D • ■ • D W m = {0} by G submodules such that for each i = l,...m, 
Wi-i/Wi is isomorphic to T(G/B,C\ i ) for a suitable dominant weight Aj. 

The result in |6j implies that T(X, C\) has a good filtration. To be more 
precise first of all one shows that for any A G II the map 

T(X,Cx)^r(X K ,Cx) 

is surjective. 

Now for any A, fj, G IT set // ^ A if A - fi G N[A]. 

Notice that, for a G A, there is a G invariant section Sa of unique up 
to multiplication by a non zero scalar, whose divisor is X^,. 

If v = n a& ^o- consider s u := Y\ & s^ a . If A ^ a /i, the multiplication 
by s A_/i defines a G equivariant injective map from T(X,C I1 ) to T(X, C\) 
whose image we denote by s x ~^T(X, CJ. 

For any y we now set 

The Fx w form a decreasing filtration of C\) by G submodules. In [HE] 
the associated graded is computed and we have that the division by s u and 
restriction of sections to X^ gives an isomorphism Fx,u/(Y^i/'> i/F\y) — 
V£_ v so that 

(1) Gr F T(X,C x )= s x ^V;. 

£iGlI+ and /i^o-A 

Clearly the filtration F*.* respects multiplication. This implies that the 
associated graded 

Grp R(X) :=0Gr F r(I,£ A ) 
AGn 

of R(X) has a ring structure. Furthermore (pQ) gives a ring isomorphism 

(2) GT F R(X)~R n (X ik )[8 &1 ,... ) 8 &l ]- 

In the previous section we have studied spherical weights. We want to 
prove now that A is spherical precisely when C\ is spherical. 
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The homomorphism ir x : Pic(X) — ► V\c{G / H°) can be identified with 
the homomorphism \ '■ II — ► Ah° associating to A G II, the character x(A) 
by which H° acts on the fiber of C\ on the point xq. 

We claim that x(A) = X-ff°(^) is the dual of the character by which H° 
acts on the line fixed by H in V£ introduced in the previous section. To see 
this we may assume A G n + . 

We fix A £ II + and C = C\. In this case £ has no base points over Jf^, 
so, since A^ is the unique closed orbit in X, by Theorem 13.11 iv ) it also has 
no base points over X. Thus by the reductivity of H, there is a positive 
integer m and a line L C T(X, C m ) stable under the action of H and such 
that if a € L — {0}, a does not vanish on xq. It follows that H° acts on L 
by the character -mx(A). 

Take the filtration {.F m- \ jt ,} of T(X, £ m ). There is a unique submodule 
F m \,v such that L C F m \ )V — Y^j/> u^mXy- So L has non zero image in 
V^ A _j, and thus coincides with the unique H stable line in V^ lX _ l/ . We 
deduce that mx(A) = Xij°(mA — f). Since ^ lies in Z[$]. we have XH°{fn^ — 
v) = XH°(m^)i hence mxH°W = mxW- Finally since is connected its 
character group has no torsion and we get that Xh°{^) = x(A) as desired. 
We deduce the following lemma. 

Lemma 3.3. Let A € II then ir* x {C\) is trivial if and only if A € £1. More- 
over if tth '■ G/H — > X is defined by ir}{(gH) = g-x^ then Tr^j(Cx) is trivial 
if and only if A € . 

Proof. The first claim has just been proved. As for the second it follows 
since by Theorem 12.31 a character A lies in Q,h n II + if and only if the line in 
V? stable under H is pointwise invariant under H. □ 

3.2. Toroidal compactifications and ring of definition. An embed- 
ding Y of G/H is called toroidal if there exists a basepoint preserving G 
equivariant map <fi : Y — > X. 

Presently we are going to explain their construction and show that they 
are defined and flat over A. 

Let Lr = Hom(A,s,R) and Lg, = A^ ®% R bet its dual. The S, or Sh, 
toric varieties are described by fans in Lr. In particular take the cochamber 
C C Lr of dominant elements with respect to A and let Th be the Sh toric 
variety associated to C . Th has a natural A form Th- In particular in the 
adjoint case T H ~ A^. 

Choose a A form of G as in Section \2.\\ Consider for any H the finite field 
extension Q(G/H) C Q(G/H). Q(G/H) is the field of rational functions 
on X and we take X# equal to the normalization of X in Q(G/H). Let 
(pH ■ X# — * X denote the normalization map and let Xh = X#(k). 

Lemma 3.4. X// is a projective normal and Cohen- Macaulay embedding 
of G/H . (j)H is a finite flat morphism. In particular X// is proper and flat 
over A. 
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Proof. The projectivity and normality of X# are clear from the definitions. 
Let us show that X# is Cohen-Macaulay. 

To see this, let us recall X is covered by the G translates of an open set 
U of the form Xg x U where U is the unipotent radical of the parabolic 
P C B such that X^ ~ G/P. By Theorem 13.11 we have that Xg and U are 
defined over A and so is the isomorphism Xg = ~ A^. In particular the 
open set U is defined over A and we denote by 1A the associated subscheme 
of X and U the subgroup scheme of G defining U. 

It easily follows that X// is covered by the the G(A) translates of the 
preimage Uu of U and that U ~ Tjj X U. Since T h is Cohen-Macaulay, 
also U is Cohen-Macaulay and everything follows. 

Since any finite morphism between a Cohen-Macaulay scheme and a 
smooth scheme is flat we deduce that (frn is flat and all the other claims 
are clear. □ 

We are now going to follow the method of [5] to build all toroidal com- 
pactifications. For each a 6 A we have already chosen a line bundle on 
X together with a G invariant section s& £ F(X, Co). We can then consider 
the vector bundle V := ® &£ j±C-a and the G invariant section s := ® & £K s a 
of V. Set V* = {v = (va) G V : ^ / V a 6 A}. By our previous identi- 
fications V* is a principal Sfj bundle. If Z is a variety we can take the 
associate bundle V* xg s Z on X with fiber Z. In particular V = V* Xs s A , 
where acts on via the characters a G A. 

Now take Z to be a embedding over A . The corresponding fan Fz 
is a (partial) decomposition of the fundamental Weyl cochamber C . The 
map Z — » A^ induces a map V* Xs ff Z — > V and we define as the fiber 
product 

X z V* x 5fi Z 



X — ► V 

The G action on V preserves V* and commutes with the Sg action. So G 
also acts on V* xj s Z, the map V* xs s Z — > V is G equivariant and is 
a G variety. 

In the case of a general G/H we set Xh,z equal to the normalization of 
Xz in the field of rational function on G/H. We clearly have the cartesian 
diagram 



Xh,z ► -Xz 



X H — ^ X 

In particular the morphisms /x^ and Sj^z := szfJ-z are flat. One has [5] 
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Theorem 3.5. i) Every toroidal embedding ofG/H is of the form Xh,z 
for some S H embedding Z over A f ' . In particular it is defined and flat 
over A. 

ii) Xh.z is complete (resp. projective) if and only if the projection Z — > 

is proper (resp. projective). 
Hi) Every G orbit in Xh,z is of the form O/c '■= (s#,z) _1 (V* x s H fc) f or 
a unique S H orbit K, in Z . 

iv) Let Tz be the fan in Lr whose cones are the W translates of the 
cones in Fz- Then Tz is the fan corresponding to Sh embedding 
Zh '■= (Xh,z)s h ■ Furthermore each G orbit in Xh,z intersects Zh 
in a unique Nfj°(S) orbit (notice that in accord with Hi) these orbits 
are in canonical bijection with S H orbits in Z). 

v) The divisors in A-x H z are defined over A. 

Proof. All these statements are proved in [5] in the case of an embedding of 
G/H. 

To see i) in the general case take a toroidal embedding Y of G/H. Let us 
take the quotient by the finite group scheme H/H. We get an embedding 
of G/H which is obviously toroidal and hence of the form Xz for a suitable 
S H embedding Z. If we now consider Xh,z we get a morphism Y — > Xh,z 
which is G equivariant birational and finite. Since both Y and Xh z a re 
normal it follows that the above morphism is a G equivariant isomorphism. 

The proof of the remaining statements is now easy and we leave it to the 
reader. □ 

Remark 3.6. 1) Let us point out that our result in particular implies that 
the G orbits in Xh,z are exactly the preimages of G orbits in Xz- 

2) It is not hard to see that Xh,z is smooth if and only if Zh is smooth. 
Equivalently if and only if the Sh embedding whose fan is Fz is smooth. 
This depends very much on the lattice Hom(As H ,Z) C Lr. 

3) There exists an open affine covering {U{ = Specif} of the A form of 
Xh,z such that Ri are A free modules and Ui n Uj = Spec Rij where Rij is 
also a A free module. 

3.3. Line bundles on a toroidal embedding. In this section we assume 
Y to be a smooth toroidal compactification of G/H with the A structure 
described in the previous section. 

We have the following Lemma about the structure of the Picard group of 

Y. 

Lemma 3.7. Let Y be a equivariant smooth toroidal compactification of 
G/H then 

i) We have the following sequence describing the Picard group ofY: 

► DeAy ZO{D) ► Pic(Y) ► 0. 

u) SPic o (y) = DeAy ZO(D). 
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Hi) For each closed G orbit O ofY consider the restriction i* : SPico(Y) - 
Pic(O) of line bundles to O. Then the product of these restriction 
maps i* : SPicq(Y) — > Y\Pic(0) is injective. 

iv) All line bundles on Y are defined and flat over A. 

Proof. The only thing we need to show to prove i) is the injectivity of the 
map from ©DeAy %0{D) to Pic(y). Notice that, since G is semisimple 
and simply connected and Pic(Y) discrete, every line bundle has a unique 
G linearization. Thus Pic(V) — Vicq{Y). It follows that it is enough to 
prove the injectivity of the map from ©£> e A y ^O(D) to Picc(Y). Consider 
the restriction map Picc(Y) — > ~Pics H (Yg~). Pics H (Y<t) is isomorphic to 
Q)TjO(D') where the sum is take over all Sh equivariant divisors D' . So 
the claim follows from Theorem 13.51 Since SPico is the kernel of j Y this also 
proves ii). 

Hi) follows from the previous considerations and the fact that, up to 
isomorphism a Sh equivariant line bundle on Yg~ is completely determined 
by its restriction to the closed orbits, that is the Sh fixpoints in Y<1~. 

Finally let D £ Ay. By Theorem 13.51 v) it is defined over A. We know 
that Ah = Pic(G?/iT) is generated by the codimension 1 irreducible B orbits 
in G/H and that these orbits are defined over A by Lemma 2.7 in [6] and 
Lemma |2.H Thus iv) follows from i). □ 

Let Fy be the fan associated to the toric variety Yg and let Fy(i) be the 
set of faces of Fy of dimension i. In particular the closed orbits of Y are 
parametrized by Fy(£) while Fy(l) can be identified with Ay the set of G 
invariant divisors. For each p € Fy we set y p := for r\ a generic element 
in p and denote by O p = Gy p the associated G orbit. 

By Theorem 13.51 and the description of the equivariant Picard group of a 
toric variety we have the following description of the strictly spherical line 
bundles on Y: 

(3) SPico(Y) = { A = (A T ) G Yl M H : \ T = K> on t n t'}. 

T£F Y (i) 

We can think of A as a real valued function on the Weyl cochamber 
C which coincides with the linear form A T on the face r. We denote by 
C\ a line bundle whose class is given by A. In particular we can describe 
in this way the line bundles 0{D) for each divisor D E Ay. Indeed let 
V£> € A"g H be a non divisible element of As H in the 1 dimensional face of Fy 
associated to D. For each r € Fy(t) notice that, since Y is smooth, the set 
{vdi : D' £ Ay} n r is a basis of A<^. 

So we can define an, T £ As H to be the weight which is equal to zero if 
V£> £ t while if vp G r it is 1 on vd and zero on each vr>> € r with D' ^ D. It 
is then easy to see that a D = (aD,T) T eF Y (£) ^ s the class of 0{D) in SPico(Y). 
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Now we want to describe the sections of a strictly spherical line bundle on 
Y in the case of characteristic 0. The proofs are very similar to the one given 
in pQ. A description of the section of a line bundle on a general spherical 
variety is given in [2] and we could have used that result as well. However 
the description we are going to give is more suited to our purpose. 

For D G Ay let sn be a G invariant section of T(Y, 0(D)) vanishing on 
D. If X = J2d a DQLD we se t s ~ = Y\d s l?- Also for a given \i G consider 
the line bundle (j)*(C^) where (j) : Y — * X is the G equivariant projection 
from Y to X. This line bundle corresponds to the element \i G SPicofY) 
with \i T = fj, for all r G Fy (£) under the identification of £Ih with As H given 
by Lemma [231 v). In particular V* is a submodule of T(Y, </>*(£ M )). 

For A G SPico(y) set 

A(X) = {n G n+ : Vr G Fy(£), A T — /i = ^ aoQ^ with ac ^ 0} 

= {/i £ Oj, : fj, < A on C} 

We then have the following Theorem whose proof is completely analogous 
to the one given in pQ. 

Theorem 3.8. Assume Y to be a smooth toroidal compactification ofG/H 
and assume the field to be of characteristic zero and let A G SPico(X) then 

t(y,Cx)= s^v;. 

From the above result we can deduce, as in pQ §4.2 and [15] the following 
Corollary. Let be the set of elements of Qh that are in the interior of 
the Weyl cochamber C. 

Corollary 3.9. Let Y be a smooth toroidal compactification of G/H , let 
A. G SPico(y) and assume the field to be of characteristic zero. Then 

i) For every jj, G A + V* is an irreducible summand ofT(Y,C) if and 
only ifT(Ys,£\y s ) has a section of Sh weight equal to /i. 

ii) For every line bundle C generated by global sections, the restriction 
map 

r(Y,c)^r(Y s ,c\ Ys ) 

is surjective. 

in) C\ is an ample line bundle if and only if it is very ample, 
iv) C\ is an ample line bundle if and only if \ T G and X T < X T / on 

t' \ r for all faces r and r' of Fy of maximal dimension. 

Remark 3.10. We have limited our discussion to strictly spherical line 
bundle and to characteristic 0. Using Frobenius splitting methods it is easy 
to generalize the previous results as in [fj]. However the stated result are 
enough for our purpose here. 
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4. The quotient of a symmetric variety 

Let Y be an embedding of G/H and let K be a subgroup such that 
H° C K C H. Any line bundle on Y has a G linearization, so in particular 
it has a K linearization. Recall that if £ is an ample line bundle on Y a 
point y on Y is said to be £ semistable (with respect to the action of K) if 
for some n > there exists / € T(Y,£ n ) K such that f(y) ^ 0. We denote by 
Y ss (£) the set of £ semistable points, or in case £ is chosen just semistable 
points. Y ss (£) is a possibly empty open subset of Y. By [13J Theorem 3.21 
there exists a good quotient of the set of £ semistable points which we shall 
denote by K\\ C Y . 

In this section we are going to prove the following Theorem 

Theorem 4.1. Let Y be an equivariant projective embedding of G/H and 
let £ be an ample and spherical line bundle on Y then the inclusion Ys C Y 
induces an isomorphism of algebraic varieties between W\Ys and K\\cY. 

We will prove this Theorem by computing the invariant sections. We will 
analyze first the case of the wonderful compactification and the case of the 
quotient of the open affme part G/H. 

4.1. Invariants and semiinvariants of the Cox ring of the wonderful 
compactification. In this section we compute the H invariants of the ring 
R(X). We use the notations introduced in section [3711 

Lemma 4.2. Let A € II. Then {Gv F (T(X, £\))) H = Gv F (T(X, £ X ) H ). In 
particular the dimension of the space of invariants T(X, £ X ) H equals the 
cardinality of the set K x := {fi £ il + : fj, A} if A G an d is zero 
otherwise. 

Proof. In characteristic zero the equality 

(Gr F (T(X,£ x ))) H = Gr F (T(X,£x) H ) 

is an immediate consequence of the linear reductivity of H . 
Also (in arbitrary characteristic) by equation ([TJ we have that 

(Gv F (r(x,c x ))) H = s x ~^vp H . 

/LtElI+ and /i^ CT A 

By Vust criterion (Theorem 12. 3D (V*) H is one dimensional if /i € fi^ and 
it is zero otherwise. So, since by Lemma 12.51 Z[<J>] C £Ih we have that 
(Gt f (T(X,£x))) has dimension equal to \K\\ if A G Qh and it is zero 
otherwise. 

In general (Gr F (T(X, £ X ))) H D Gi F (T(X, £ X ) H ) so 

dimT(X,£ x ) H < dim(Gr F (r(X, £ X ))) H . 

On the other hand by Theorem 13. II and Lemma [3 .71 the variety X and the 
spaces T(X,£ X ) are all defined over A. Lemma [2.21 then clearly implies that 
in positive characteristic dimT(A, £ X ) H can only increase. This together 
with the previous inequality implies our claim. □ 
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We compute now the ring R(X) . By Lemma 14.21 for each a G A we 
can choose p a G T(X, Cq s ) an H° invariant section which does not vanish 
on X^. So, if A = ^2 Ua^a G we can define 

(4) V X =\{_pT- 

Proposition 4.3. The set {s^p x : [i G II and \i and A G f2^} is a k 
&aszs of R(X) H . In particular the ring R(X) H ° is a polynomial ring in the 
variables s a ,p Q with a € A. 

Proof. Notice first that by LemmaH21 if A € Qh, T(X, C x ) h = T(X, £\) H ° 
so it is enough to prove the claim in the case of H°. 

The image of p a in the graded ring Grp(R(X)) defines an H° invariant 
element p a of V~,_. So by the description of the H° invariants of Gvp(R(X)) 
the image of the elements s^p^ in the graded ring Gr p(R(X)) is a k basis of 
the space of H° invariants. This implies that the elements s^p^ are linearly 
independent. 

By construction, the elements s^p^ are H° invariants. So, again by 
Lemma 14.21 they are a k basis of R(X) H °. □ 

The computation of semi invariants is similar. If V is a representation 
of H we denote by the subspace spanned by the set of semi invariant 
vectors i.e. vectors spanning lines fixed by H . 

By Theorem 12.41 we know that there are semi invariants which are not 
H° invariants only if there exists an exceptional simple root. Set A e = 
{a G Ai : a is exceptional} and A ne = {a G A : a is not exceptional}. 
By Theorem 12.41 the set {io a : a G A e } U {Cj a ■ a G A ne } is a basis 
of LT. Let q a G V* a be a non zero H semi invariant. q a is unique up 

to multiplication by a non zero scalar. So the ring {Rn{X^f\ . of semi 
invariants is a polynomial ring in the generators q a with a G A e and p a (the 
restriction of p a to X^J with a G A ne . Using Corollary 12.61 and arguing as 
in Lemma [4.21 we deduce that there exists q a G T(X,C uia )g i such that its 
restriction to X^ is equal to q a . If A = Yl a eA e c a u a + Y^ a &A ne c a&& G n+, 
we define q x = Y[ a eA e Qa a ' Y\ a ^A ne P& • ^he arguments given in the case of 
invariants can now be easily adapted implying 

Proposition 4.4. Let A G II. Then (Gr F {Y{X, = Grp(r(X, £\)%). 

Moreover the set {s^q^ : fi G LT and \i and A G LT + } is a k basis of 
R(X)^. In particular the ring R(X)^ is a polynomial ring in the variables 
s a with a G A, p a with a G A ne and q a with a G A e . 

4.2. Filtration of the coordinate ring of G/H and Richardson The- 
orem. We want now to use the wonderful variety X to define a filtration 
of the coordinate ring of G/H. In the case in which H is the diagonal sub- 
group in G = H x H, these ideas already appear in [18]. This will be used 
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to describe the H invariants of this ring. This description of the invariants 
has already been given by Richardson [14] but a proof in our setting seems 
natural. 

First we make explicit the relation between the coordinate ring of G/H 
and the ring R^i H {X). 

For each a G A we choose a trivialization ip^ & : tt*(C^ & ) — > @g/h°- 
Given A = ^aeA c o^ 5 G O we obtain the trivialization of -k*(£\) given 
by ( 3aeA i P'E^ & ■ With these choices the pull back of sections defines a ring 
homomorphism: 

tth : Rn H (X) — > k[G/H\. 

Notice also that since s„ is G invariant the functions tt h {so) are constant 
and we can normalize them to be equal to 1. 
For each A G Q-h we consider the G submodule 

F A :=k h (T(X,C x )) 

of h[G/H}. Notice that since the s a are all equal to 1, we clearly have that 
if fi < a A, F /t C Fa- Also, since the image of tth is dense in X we have that 
tt h restricted to T(X, C\) is an isomorphism onto Fa. Furthermore if we set 
n = E m < ct a F» we have F A /F' A ~ V£. 

Proposition 4.5. The map ir* H induces an isomorphism of rings 

V. ( R ^ iX) — >k[G/H]. 
(s & - 1 : a G A) 

Proof, if is clearly well defined and its surjectivity follows immediately from 
Proposition 12.81 

Let us now show that <p is injective. As above set S# = Qh/^h and for 
all cosets £ G Eh define = ©ag£ C\) so that Rq h (X) = ©^ eSjf Rg 
is a Eh grading of the ring Rq h (X). 

On the other hand by Proposition 12.81 the coordinate ring h[G/H] de- 
composes as the direct sum (B^£E H ^(G/H,C^) and the restriction of ir H 
decomposes as the direct sum (B^e h j^ where j| : R^ — > T(G/H,C^) is 
induced by the inclusion jx of G/H in A. 

Also, since the elements {s^ — 1 : a G A} lie in i?o the ideal I that they 
generate decomposes as the direct sum I = ffi^ 6 s H with 1^ = I (1 R^, for 
each £ G Thus jt induces a map 

n :R^/I^T(G/H,Cd 

and it is enough to see that <pp is injective for each £ G E q . 

Fix £ G S#. Let g = X^agaS'a G R^ with ^ G r(X, £\) and A a finite 
subset of the coset £. Assume n H (g) = 0. By assumption there exists /i G £ 
such that n A for all A G A. Set </ = Ylx^A sfl ~ X 9x an d notice that 
g' = g mod and that g' G r(A, £ M ). We have n* H {g') = n H (g) = and 
since ir H restricted to T(X, C^) is injective, g' = and <? G as desired. □ 
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Corollary 4.6. The G submodules F\, A G £Ih, induce a good (increasing) 
filtration of the coordinate ring k[G/H]. 

We are now going to use this nitration to study the ring of invariants 
k[G/H] K . We first need a well known lemma. 

Lemma 4.7. Fix a dominant weight A G + . 

i) Let cf) G V£ be a nonzero H° invariant and let us consider the de- 
composition of V£ with respect to the action of T. Then the lowest 
weight component of (j) is not zero; 

ii) Let p x G T(X,C\) denote the H° invariant defined in formula ^ 
and consider the decomposition of p x G T(X, C\) with respect to the 
action of T . Then the lowest weight component of p x is not zero. 

Proof. In there is a non zero vector v fixed by the maximal unipotent 
subgroup U~ opposite to B. This vector is unique up to a non zero scalar 
and has weight —A which is the lowest weight of Vf. Write (f) = w + av with 
w lying in the unique T stable complement V' of the one dimensional space 
spanned by v and a £ Ik. V' is B stable. We need to prove a/0. 

Consider the G submodule W generated by (j). Since W must contain a 
non zero vector fixed by U~ , it has to contain v. 

On the other hand B ■ H° is dense in G so the subspace W is equal to the 
space spanned by the vectors b ■ cf) with b G B. If a = then W would be 
contained in V' giving a contradiction. This proves i). 

To see ii) it suffices to consider the image p x in T(X, £\)/F( , ~ which 
is non zero by the very definition of p x . □ 

We can now prove Richardson Theorem (see |14j Corollary 11.5). Notice 
that, since Nh°(S) C H° C K the inclusion of Sh in G/H induces a map 
from W\S H to K\\G/H. 

Theorem 4.8. Let H° C K C H be a subgroup of H . Then the inclusion 
Sh C G/H induces an isomorphism W\Sh — KX\G/H. 

Proof. By the definition of W, the restriction of functions from G/H to Sh 
induces a homomorphism 

d : k[G/H] K -► k[S H ] W - 

We claim that d is an isomorphism. 

To see this we first make some remarks on the K invariants of k[G/H]. 
For A G Q H let / A := 7i H (p x ). Arguing as in Proposition 14.31 it is easy to see 
that the elements f x with A G Q H are a basis of k[G/H] K as a vector space. 
In particular for each A G O^, Fj^/F'j^ is one dimensional and spanned by 
the class of f x (notice that Qh C &>k)- 

The computation of the W invariants of the ring k[5ff] is also very simple. 
Let k[S#] = © Ag a s ^fx where ip\ is a function of weight A. We know by 
Theorem 12.31 and Lemma 12.51 that the restriction r of character from T to 
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S induces an isomorphism between As H and £Ih so we identify the two 
lattices. Also a weight A G £Ih is dominant with respect to A if and only if 
it is dominant with respect to A. If A € Ag we set 

The elements ip\ with A G are clearly a basis of kfSn] 1 ^. 

Given A G O^, let U\ denote the span of elements with /x G Q H and 
M A. 

Notice that /| := d(/ A ) lies in f/ A . Indeed is a If invariant and 
its weights are in a subset of the weights appearing in V^. Thus for each 
A G d(F A ) x C U\. We claim that d maps isomorphically F A onto U\. 
This will imply our claim. 

By an easy induction we need to show that fg ^ S At < CT A and nen + ^a* - 
Using Lemma 14.71 it suffices to prove that the restriction to Sh of a lowest 
weight vector h in F A is non zero. The closure of Sh in X contains the 
unique point of the closed orbit fixed by B. h does not vanish at this 
point. Since h is non zero at a point in the closure of Sh it cannot vanish 
on S H proving that /* does not lie in ^ <ctA and Men + 17 M . □ 

Remark 4.9. Notice that in particular K\\G/H does not depend on the 
choice of the subgroup K between H° and H. However it is not true in 
general that the K orbits in G/H are the same of the H orbits in G/K. To 
see this it is enough to take G = SL(2, C) and a the conjugation by ( q ^ ) . 
Then H° is the diagonal torus and it is easy to check that H° ( g \ ) H ^ 
HQ\)H. 

To complete our picture we show, with a different proof, another result 
of Richardson which tells us the orbits of the elements in Sh are precisely 
the closed orbits in G/H. 

Proposition 4.10. Let H° C H, K C H. Let s G Sh then Ks is closed in 
G/H. 

Proof. Since H° has finite index both in H and in K, it is enough to study 
the case H = K = H° . 

Fix V to be a finite dimensional faithful representation of G. Consider 
the map X ■ G/H° — ► G C GL(V) given by x{gH°) = ga(g)- 1 . By [16] 
Theorem 5.4.4 this is a closed immersion. Notice that x(h ■ x) = hxix)^ 1 
for all h G H° and x G G/H°. 

For s G Sh set x = x( s ) = s 2 - The element s is semisimple mGL(V). We 
want to prove that the orbit {hxh^ 1 : h G H°} is closed in GL(V). 

Let p{t) be the minimal polynomial of x. Since x is semisimple pit) does 
not have multiple roots. For all A G Ik* and y G G set V\(y) = {v G : 
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Ad y (v) = Xv}. Notice that for y S T 

©a£$ : a(y)=X Sa if A / 1 
^® ©aS$:a( y )=l Sa if A = 1. 

Given A <G k* and // = i(A + A -1 ) set 



Vx(y) 



WJy) 



Vx(y)®V x -i(y) if A ^ ±1 
V x {y) if A = ±1. 



Notice that we have 

(5) f) = 0ftnw,(x)) 

A' 

since rj = t CT oe4>o g a ae $+ k 0a + <r{x a )) and cr(a)(a;) = a(x) _1 so 
that x a + cr(x a ) € W / Q ,( 2 .) +Q ,( :E )-i . Let ra M = dim(rj n W^{x)). We define the 
closed subset McGas follows. An element y € G lies in M if 

i) p(y) = 

ii) the characteristic polynomial of Ad y is equal to the characteristic 
polynomial of Ad x 

iii) dim(f) n W^(y)) ^ n M for all \x. 

By condition iii) and relation ([5]) it follows that if y G M, dim(rj n W^y)) = 
n M for all /x. In particular dimrj n V\{y) = dimrj n Vi(x) so that dimrj n 
Z s (y) =dimhnZ g (x). 

Now by condition i) if y € M, y is semisimple and so by |16j Theorem 5.4.4 
we have that Z g (y) is the Lie algebra of Zc(y)- It follows that dim hnZ (y) = 
dimH n Z(j{y) = ni and finally dimi7°y = dimff — jij so that every H° 
orbit in M has the same dimension. 

In particular every H° orbit in M is closed. Since x £ M the Proposition 
follows. □ 

Remark 4.11. Notice that our proof works also under the slightly more 
general assumption that G is reductive. This will be useful later on. 

Remark 4.12. We notice that if H° C K C H and s £ S then Ks = Hs 
in G/H. Indeed by Remark ES we have that K\\G/H = H\\G/H so the 
natural map Kx \— ► Hx from the set of K orbits into the set of H orbits is a 
bijection at the level of closed orbits. At this point everything follows from 
the fact that Hs is a union of closed K orbits. 

4.3. The quotient of a smooth projective toroidal compact ificat ion. 

Let us now assume that C is a line bundle generated by global sections but 
not necessarily ample on a given smooth, projective toroidal compactifica- 
tion Y of G/H. This is going to be useful in order to prove Theorem 14.11 in 
its full generality. 

Since C is spherical, 7Ty(£) is trivial. Notice now that the G linearization 
of C restricts to a Nh°(S) linearization of £[y an d that Zh°{S) acts trivially 
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on £\ Ys - To see this first notice that Zh°(S) acts trivially on the fiber of 
£ over uq. Indeed 7Ty(£) is trivial, hence H° acts trivially on the fiber of 
£ over yo and Zh°(S) C H°. Now, Zh°{S) commutes with 5 and S ■ yo is 
dense in Ys so necessarily Zh°{S) acts trivially on £\ Y ■ 

Notice that Y ss (£) = Y ss (£ n ) for any n > 0, so JT\Yc»y ~ K\\ £ y. 
Since Q/Qk is finite, up to taking a power of £ we can always assume that 
ir YK (£) ~ O g / k where ny,K '■ G/K — ► Y is defined by -Ky,K{gK) = g • yo- 
We call these line bundles K spherical. We have 

Theorem 4.13. Let £ be a K spherical line bundle on Y . Then 

T(Y,£) K ^T(Y s ,£\ Ys f. 

We need first a well known general fact on flat schemes over A whose 
proof we give for completeness. 

Lemma 4.14. Let U be a projective flat scheme over A such that there exists 
an open affine covering {U\, . . . , U n } of U with J7j = Specif and U{ n Uj = 
Spec Rij where R{ and Rij are free A modules. Let C be a locally free sheaf 
over U . For each ring extension A — > B let Ub = U x Spec ( A ) Spec(l?) and 
Cb the pull back of C to Ub- Then: 

i) T(JJ,C) is a finitely generated free A module; 

ii) the map B 0a_T(U, C) — > T(Ub, £b) is infective; 

Hi) moreover if B is a field of characteristic then we have an isomor- 
phism B ® A T(U,C) - T(U B ,C B )- 

Proof. The fact that T(U, C) is finitely generated is the content of Theorem 
III.5.2 point a) in [8]. 

We can refine the covering Ui in such a way it has the same properties 
and moreover it is such that C\ v is defined by a free R{ module of rank 1. 
We have the exact sequence: 

0^T(U,£) YlT(U h £) Y[r(Ui n U j7 C) 

where r\ and r2 are given by restriction of sections. In particular T(U, C) 
is a submodule of Y\ r(f7j, C) which is a free A module, hence, since A is a 
PID, T(U, C) is a free A module. 

Let M denote the image of r%. M is a submodule of []r([/i n Uj,C), so 
also M is a free A module. Write r<i = % o r' with r 1 : Y\ T(Ui,£) — * M and 
i : M — > []r(!7i n Uj,C). For any A algebra B we can tensor by B and, 
since by definition T(Ui Xg pec ( A ) Spec(-B),£e) = B <S>a T(Ui,£), we get the 
exact sequence 
(6) 

0^T(U,£)®aB nr(^x apec(A) Spec(B),/:B) M® A B 

from which deduce that the map from T(U, £)® A B to T(Ub, £b) is injective. 
This proves %) and ii). 
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Now assume that B is a field of characteristic zero, i is an inclusion 
between free A modules, so since B has characteristic zero we have that 
i (g) ids : M ®a B — > Il r (^ n Uj,C) ®A B = U^((Ui n C7,-) x Spec(A) 
Spec(-B), Lb) is injective. It follows that M <g)A B is the image of r^ ® ids 
and by the exact sequence (jSJ) we get that T(U, C) <8>a -B is equal to the space 
of sections of on . □ 

Notice that by Remark 13.61 3) we can apply this Lemma to a toroidal 
compactification. We obtain 

Lemma 4.15. Let Y be a smooth toroidal compactification of G/H and let 

C be a K spherical line bundle on Y generated by global sections. Then the 
restriction of sections from Y to Ys induces an isomorphism F(X, C) — 

r(Y s ,c\ Ys f. 

Proof. We prove first that this map is injective. Consider the pull back 
ir YK (£). By hypothesis this is isomorphic to the trivial line bundle on 
G/K. So a trivialization of it induces inclusions T(Y,C) C h[G/K] and 
T(Ys, C\ Y ) C k[Sj(]. We get a commutative diagram 

T(Y,C) K ► k[G/K] K 



T(Y s ,C\ Ys ) w ► k[S K ] w 

where the horizontal maps are the induced by the pull back of sections 
and vertical maps are given by restriction of sections. Since the inclusions 
G/H cY and Sh C Ys are open the two horizontal maps are injective and 
by Theorem 14.81 also the right vertical map is injective. It follows that also 
the vertical map on the left is injective. 

In order to prove surjectivity it is enough to prove that we have enough 
invariants. First we prove this result in characteristic zero. Let U be a 
G submodule of C[G/K] and Us be its image in C[5k]. Observe that by 
Theorem 14.81 we have an isomorphism between U K and . 

Set U equal to the image of T(Y,C) in k[G/K}. By Corollary EES ii) , 
the restriction map T(Y,C) — > T(Ys, £\ Ys ) is surjective for any spherical 
line bundle generated by global sections. Thus Us equals the image of 
r(Y5,£|^ ) in kfSy and this implies our claim. 

Assume now that the base field k is of arbitrary characteristic. The de- 
scription of T(Ys,C\y s ) as a S module does not depend on the characteristic. 

It follows that there is a basis of T(Ys, C\ Ys ) on which W acts by permu- 
tations. Thus also the description of T(Ys, C\ Y ) an d hence its dimension 
d does not depend on the characteristic. On the other hand by 14.141 ii) we 
have that d < dim r(y k ,£ k ) A '. Since T(Y k ,£k) K injects into T(Y s ,C\ Ys ) W 
everything follows. □ 
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If we now set 

A c := ® n T(Y,C n ) and B c := ® n r(Y s , C n \ Y$ ) 

we deduce from the above Lemma that Proj^^) = Yio]{B^) for any 
spherical line bundle C generated by global sections on a smooth toroidal 
projective embedding Y of G/H. In particular Theorem 14.11 follows for such 
a compactification. 

4.4. Proof of Theorem [47TJ We now prove Theorem l4.1l for any projective 
embedding Y of G/H. Consider an equivariant resolution Y of the closure 
of the image of G/H in Y x X. By construction this is a toroidal com- 
pactification and we have a G equivariant birational projective morphism 
4>:Y — ► Y. Clearly <j>(Y s ) = Y s . 

As already noticed at the beginning of section 14.31 we can assume C to 
be K spherical. Let M = <p*{C) and notice that this is a K spherical 
line bundle on Y generated by global sections. Notice also that since Y is 
normal we have T(Y, M) = T(Y, C) and A_m = Ac- We have the following 
commutative diagram where the horizontal map are given by pull back of 
sections, and the vertical maps are given by the restriction of sections: 

T{Y,£) K — T(Y,M) K 



T(Y s ,C\ Ys ) W ► T(Y s ,M\ Ys ) w 

Now the vertical map on the right is an isomorphism by the result obtained 
for a smooth toroidal compactification and the bottom map is injective, 
since Ys — > Ys is surjective. So also the vertical map on the left is an 
isomorphism. So ~ A^ and 

K\\ C Y = Proj(A£ ) ~ Proj(Bf) = W\Y S 
as claimed. □ 



5. Semistable points 

In this section we want to give a more geometric description of the set of 
semistable points. We analyze first the case of flag varieties. 

5.1. Divisors of invariants in flag varieties. We give first some defini- 
tions. If I C A we set Aj = Aq U {a E Ai : a € 1} and define to be the 
subroot system of $ spanned by A/. We let Pi denote the corresponding 
parabolic subgroup of G and Aj = Ap T the set of characters of Pj. We also 
set 11/ = II n Aj, VLi^h = n Aj and 0/ = Qi t H°- We have 

n I= zcj & nj = Q/+ Zto a . 
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Let us describe the set of invariant and semiinvariant sections with respect 
to the action of H of a line bundle C\ on GjPj. Since if A G Af we have that 
T(G/Pi,C\) ~ V£ (and is zero if A is not dominant). In this case we can 
apply directly the result of Vust without introducing any further filtration. 

If a G A \ / let pa be a non zero section of Ccj & on GjPj invariant under 
the action of H° . Similarly if a G A e \ I let q a be a non zero semiinvariant 
section of C ula on G/Pj. If A = 

dominant so that a a ^ for all 
a, we define p x = U. a Pe? and similarly if A = J2 a eA e + EaeA ne c 5&& 
is dominant in 11/ we define q x = Y[ ae ^ q c a a • Yl a eA ne P&- 

We notice that up to a non zero scalar, p x is the unique H° invariant 
section of C\ and that it is H invariant if and only A G Qh- Similarly q x is 
the unique H semiinvariant section of £\. 

In particular if we set R(G/Pj) = Agy \ J F(G/Pi,£\), we have that the 
ring of invariants R{G/Pi) H ° is a polynomial ring m.p a for a ^ I and the ring 
of semiinvariants R(G/Pi)^ is a polynomial ring in p a ,Q/3 for 
and /3 G A e \ A/. 

If A = Yl c a&a € ^ we define the support of A as suppQ A = {a : c,j / 0}. 
Also if J C A \ / we define pj = YlaeJ Pa- 
Proposition 5.1. Zei J C A \ I then the equation pj = is reduced. 

Furthermore the divisor of the section pic is the complement of the unique 
open H° orbit in G/Pj, and we have H°Pj = HPj = HPj. 

Proof. We start with the first assertion. Let Dj denote the divisor of pj = 
with reduced structure. Take A £ A} with the property that C\ ~ 0{Dj) 
and let (p G T(G/Pi,£\) such that divtp = Dj. We claim that A = ujj := 

Notice that by definition ip divides pj and for big enough n the section 
pj divides (p n . So ujj = A + \x and nA = uj + v with (i and v dominant. 
Moreover Dj is an H invariant so ip is an eigenvector under the action 
of H. In particular A and also [i and v are quasi spherical. Recall that 
A ne = {a G Ai : a is not exceptional}. We can write 

A = ^2 c&<Jj& + CqWq - 

Since 93 divides pj we obtain c a ,c a ^ 1 and = c a = for a ^ J. Alsosince 
divides <p n we obtain , c a ^ 1 for a G J. So c a = c a = 1 if a G J and 
A = ujj as claimed. 

Now let U = H° ■ [Pr] denote the open H° orbit in G/P/ and U' the 
complement of the divisor Djc. Since J7' is H° stable U C U'. 

We claim that ?7 is affine. To see this is enough to prove that the Lie 
algebra of H°nPi is reductive. Indeed we have that this Lie algebra is equal 
to the Lie algebra of L a j where Lj is the Levi factor of Pi containing T. 
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Since U is affine, by [7] Proposition 3.1 pg. 66, D = G/Pi \ U has pure 
codimension one. Let C\ ~ O(D) and let tp G Y{G/Pi,C\) be such that 
div (p = D. 

Since U C U' and p/c = is reduced we have that pi? divides (p. So C\ 
is ample. Moreover the section p must be an eigenvector under the action 
of H so A is quasi spherical. This together with the fact that A G Aj easily 
implies that, up to a non zero constant, 

p= n p c i • n & 

with the exponents Cq, and c a positive. On the other hand since <p is reduced 
we must have Cq, = c a ^ 1 for all a, a. So A = a)/c and ip = pjc as claimed. 

Finally since the complement of the section pj is stable by the action of 
H, or H and is a single H° orbit, it is also a single H or H orbit. □ 

5.2. Semistable points in a smooth toroidal compactification. In 

this section we prove that the set of semistable points in a smooth toroidal 
compactification does not depend on the choice of an ample line bundle. 

We need to make few remarks on weights and convex functions. We start 
with a simple and well known Lemma on root systems. 

Lemma 5.2. Let {ai, . . . ,a r } be a set of simple roots in a root system 
R, and . . . ,cu r } the corresponding set of fundamental weights. If K C 
{1, . . . , r} every ujj can be expressed as 

u 'i = ahOLh + bkUJk 

heK k£K 

with ah,bk non negative rational numbers. 

Furthermore if K = A, and R is irreducible the ah 's are strictly positive. 

Proof. If r = 1 there is nothing to prove so we can proceed by induction. 

Assume \K\ < r. The space A and B respectively spanned by the ajj's 
with h € K and by the w^'s with k £ K are mutually orthogonal. It follows 
that ujj can be uniquely written as 

^3 = Ij + 5 i 

with 7j E A and Sj £ B. 

If j ^ K then jj = and there is nothing to prove. 

If j G K, 7j is a fundamental weight for the root system in A having the 
a^s with h G K as simple roots. Thus by induction a^ ^ for each h G K. 
Write 6j = ^2 k ^ K b k uj k . We get b k = (8j,a%) = -{lj,a\) ^ as desired. 

Assume now \K\ = r. Write ujj = Ylh=i a j,h a h and notice that < 
(ujj,tOj) = ajj (aj,ojj). Since (ctj,Uj) > we deduce that a,j t j > 0. In 
particular we can write 

UJj 

a 3= — + Cj 
a 3,3 
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where is a linear combination of the elements in A \ {a-,}. It follows 
that LVk = { a k,j /a-j,j)uj + x with x a linear combination of the elements in 
A\{aj}. Using the positivity of a 3 - »• our claim now follows from the previous 
analysis applied in the case in which K = A\ {aj}. 

It remains to show that in the irreducible case gu/j 7^ i.e. (ujj,ujh) 7^ 
for each j,h = 1, . . . r. By contradiction assume that say (wi,^) = 0. This 
means that W2 lies in the span of a.% , . . . a r and it is a fundamental weight 
for the root system having these roots as a set of simple roots. Let R' be the 
irreducible component of this root system containing 02- We can assume 
that our ordering of simple roots is such that 02, • • • ct s are a set of simple 
roots for R'. By induction u>2 = J2h=2 a 2,h a h with > 0. On the other 
hand 

s 

= (i0 2 , Oil) = ^ a 2,h(0! h , Oil) 
h=2 

so that (a/j,Q!i) = for each h = l,...,s. This clearly contradicts the 
irreducibility of R. □ 

Let Y be a smooth toroidal compactification of G/H and let Fy be the 
associated decomposition of the Weyl cochamber C. 
We define the support suppn p of a face p of Fy as 

suppn p := {a € A\a is not identically zero on p}. 

Lemma 5.3. Let A = (A r ) re ^y(£) £ SPico(F) 6e sitc/i that C\ is ample. Let 
p be a face of Fy ■ Then there exist a positive integer n and p 6 ft~^ such 
that suppQ p = suppQ p and p S A(nX) . 

Proof. Let S = suppn p and T = A \ supp^ p. Let r be a maximal dimen- 
sional face containing p. Since C\ is ample, Corollary 13.91 iv) implies that 
A T is regular dominant. So by Lemma 15.21 there exists a positive integer n 
such that we can write nX T as 

n\ T = a a&a + ^2 baa 

with 05 positive integers and 65 non negative integers. Set p = ^2 & es a a&&- 
We have p = nX T on p and p ^ nX T ^ nX on the Weyl cochamber C again 
by Corollary 13.91 iv) . □ 

The following Lemma is a sort of converse of Lemma 15.31 

Lemma 5.4. Let X = {X T ) T £F Y (t) ^ SPico be such that C\ is ample. Let 
p € £l + and n a positive integer with p € A(nX) and p = nX on p. Then 
suppn p D suppa p. 

Proof. If p is the zero face there is nothing to prove. Assume that p has 
positive dimension. By eventually substituting A with nX, let us also assume 
that n=l. 
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Let p(l) be the set of 1 dimensional faces contained in p and notice that 
suppn p = UtfGp(i) suppn So it is enough to prove the claim in the case of 
one dimensional faces. 

Let p be one dimensional and choose a non zero point v in p. 

Take a face r of maximal dimension containing p and define 

t p = {u E Ajg : v + t(v — u) G r for some positive real number t > 0}. 

Notice that p ^ A T on r p . Indeed if u E r p there is a positive t such that 
v + — u) E t. Since p E -4(A) we have p(v + i(w — u)) ^ X T (v + t(u — u)). 
But A = /i on p so that = X T (v), so /u(u) ^ A T (u). 

Since the support of Fy equals C it is then clear that 

[^J r p = {u G : (a, u) ^ for all a ^ suppo, p}. 

Thus every a G suppo, p lies in at least one of the sets t p . It follows that 

{p,a) ^ (A r ,d) > 
since A is ample. Thus a G suppn p. □ 

We can now characterize the set of semistable points with respect to an 
ample line bundle £on7. 

Consider the G equivariant projection (j) : Y — ► X onto the wonderful 
compactification X. For each (idQwe pull back the H° invariant section 
p^. This is an H° invariant section of T(Y, <^*(£^)) and we denote it by the 
same symbol p p . For any subset / C A we set pi := Yl^eiP^"- We a ^ so 
remark that the condition of being semistable does not depend on the group 
K between H° and H. Indeed, by the description of invariant sections, if / 
is a H ° invariant section which does not vanish on x there exists an integer n 
such that f n is invariant under H. In view of this we will speak of semistable 
points without specifying the group K. 

Proposition 5.5. Let Y be a smooth projective toroidal embedding ofG/H 
and let £ be an ample line bundle on Y . Let p be a face of Fy and let O p 
be the corresponding G orbit. A point x G O p is C semistable if and only if 
Psuppn p( x ) 7^ 0- 

Proof. Let C = C\. Let p be a face of Fy and x G O p . Assume that 
Psupp n p( x ) 7^ 0- By Lemma [53] there exist a positive integer n and a dom- 
inant weight p such that p G A(nX), p = nX on p and suppn p = suppn p. 
Since p^ is a product of the sections p^ for a G suppn p we have that 
p^ix) ^ 0. Thus s 1l -~—p p is an H invariant section of CJ^ not vanishing on 
x and x is semistable. 

Conversely let x be semistable. Then by the description of invariants 
given in the proof of Theorem 14.131 there exists a positive integer n and 
a dominant spherical weig ht p G A(nX) such that s n -~^(x) ^ 0. The 
condition s n -~^(x) ^ implies p = nX on p so we can apply Lemma 15.41 
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and we deduce that suppnp, D suppnp. In particular Pa(x) ^ for all 
a E suppn p or equivalently Psuppn p(%) 

The above Proposition has the following 

Corollary 5.6. Let C and £ be two ample line bundles on Y. Then 
Y SS (C) = Y ss (£'). 

In view of this Corollary we shall from now on say that a point is semistable 
if it is semistable with respect to any ample line bundle and we shall denote 
the set of semistable points by Y ss . 

We now give a more set theoretic description of semistable points. Take 
a face p of the fan Fy and denote by O p the corresponding G orbit in Y. 
Set / = suppn p and consider the G equivariant projection (ft : Y — ► X. 
Remark that for any r\ in the relative interior of p the point y^ depends only 
on suppn p and not on the choice of n. Thus we can denote this point by 
y p . By definition for such one parameter subgroup rj we have (f>(yr)) = x„. 
In particular it follows that 4>{O p ) = Oi the open orbit in Xj and that the 
projection (ft : O p — > Oi is a G equivariant fibration. 

By [3] we have a G equivariant projection 717 : Oi — > G/Pic with I c = 
A\I. Composing we get a fibration 

7/ := 7r/ o (ft : O p -> G/P/c 

whose fiber over the point 717 o 0(y p ) we denote by F p . 

In view of Proposition 15.11 and Proposition 15.51 we immediately get 

Proposition 5.7. A point x in O p is semistable if and only if its H orbit 
intersects F p . So we have that O s p s := Y ss n O p is equal to H°F p (and also 
to KF p and HF p ). 

Proof. This is clear since by Proposition 15.11 the section p SU pp n p does not 
vanish exactly on the inverse image under 7/ of the open H° orbit in G/Pjc 

□ 

By Proposition 15.71 we then have that O p s = H x# n p JC F p . 

Let us now take a subset J C A. We denote by L the standard Levi 
factor of Pj and recall that L is a stable and that if Upj is the unipotent 
radical of Pj, a(Upj) = (Upj)~ the opposite unipotent. 

Lemma 5.8. For any subset J C A we have 

K nL = KnPj. 

Proof. It is enough to analyze the case of K = H. Since our problem is 
a problem of support we can work with the associated reduced subgroup 
Hred = {x G G : xa{x)~ l E_Z{G)}. 

Take x = mu € Pj H H re d with m £ L and u € Up T . Then clearly 
uaiu)^ 1 € L. It follows that cr(?i) _1 € Up^ ClPj = {1} thus u = 1 and x € L 
as desired. □ 
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Going back to the semistable points in the orbit O p C Y , we get 

Proposition 5.9. Let L be the standard Levi factor of Pjc Set Kl = KCiL. 
We have a K equivariant isomorphism 

o s ; ~ k x Kl f p . 

In particular this induces a closure preserving bijection between K orbits in 
O s p s and Kl orbits in F p . 

Now consider the fiber Fj of ttj containing (p{y p )- We know from [4] that 
the solvable radical of Pjc acts trivially on Fj and that Fj = L/ Hj; where L 
is the adjoint quotient of L and Hj; is the subgroup fixed by the involution 
induced by a. 

By the description of Y given in Theorem 13.51 it now follows that if we 
set L p equal to the quotient of L modulo the subgroup in the center of L 
generated by the one parameter subgroups rj with 77 G p, F p can be identified 
with L p /H p , where H p is isogenous to the subgroup fixed by the involution 
on L p induced by a. 

Under this identification Sh„ coincides with Y$ fl O p . We thus can apply 
Remark 14.111 and deduce 

Proposition 5.10. Let x G Y$ fl O p . Then the orbit Kx is closed in O s p s . 
6. Closed semistable orbits 

In this section we prove that in the case of a smooth toroidal compact- 
ification Y of G/H the orbits through the elements of Y$ are the closed 
semistable orbits. In this way we give a geometric counterpart to Theorem 

rm 

We show first that the closure of K orbits does not interacts with G orbits. 

Proposition 6.1. Let Y be a smooth toroidal compactification of G/H, let 
C be an ample line bundle on Y . Let x,y £ Y SS {C). If y € Kx then y € G-x. 

Proof. As we have pointed out in Corollary 15.61 the set of semistable points 
of Y does not depend on the choice of the ample line bundle C. 

Let C = C\. For n big enough we have that £ n \+a D is also ample for 
every D € Ay. In particular for a large enough positive integer m, we can 
find invariant sections fu G T(Y, C m ( n \+a )) K an d / € T(Y, C mn \) K such 
that f D (y) ± and f(y) ? 0. 

Set now 

U = {z € Y such that f(z) / and f D {z) + for all D G Ay}. 

The set U is an open affine H invariant subset of Y ss with the property that 
if 

vr : Y ss -> K\\Y 

is the quotient morphism U = tt~ 1 {tt(U)). In particular x G U. Further- 
more on U the line bundles C m (n\+a D ) an d £-mn\ have a H equivariant 
trivialization. 
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It follows that also the line bundle C moiD = £ m ( n A+a ) ® ^mnA nas an ^ 
equivariant trivialization <p£) on U. Thus we can consider the H invariant 
function t^ = 4>d( s1 B) on U. Now by Theorem 13.51 a G orbit in Y is deter- 
mined by the set of D such that so vanishes on the orbit. This implies our 
claim. □ 



Remark 6.2. The following simple example shows that Proposition 16.11 
does not hold for a non toroidal Y . Take the compactification P(End(C 3 )) 
of PSL(3), so G = SL(3) x SL{3) and K is the normalizer of the diagonal 
copy of SL{3). The elements 

'0 1 0\ /0 0^ 

000 and y = 
v 1/ \0 1, 

give a counterexample to the statement in the Proposition. 

Let U be any G stable open subset of smooth toroidal projective embed- 
ding Y. The proof of Proposition 16.11 implies 

Proposition 6.3. 7r _1 (7r(C/ n Y ss )) = U n Y ss . Furthermore 

7r\ UnY ss : U n Y ss -»■ ^\C/ S 

is a well defined quotient map. 

Notice however that, as the following example shows, there are ample 
line bundles C on Y such that if we restrict £ to U, U ss {£) ^ U D Y ss . 
Indeed, take Y equal to the wonderful embedding of PSL(3), C = 
and U equal to the complement of the divisor of equation = 0. Then U 
is isomorphic to the open set in P(End(C 3 )) of classes of matrices of rank 
at least 2 and there is an invariant namely s^p^, which up to a constant 
gives the cube of the trace, defined on U and not vanishing on 




while x is not semistable in Y. 

From Propositions 15.101 and UTTl we finally get 

Theorem 6.4. Let Y be a smooth toroidal compactification of G/H and 
let H° C K C H. Let x £ Y ss then Kx is closed in Y ss if and only if 
KxDYs ^ 0. 

Proof. From the proof of Theorem 14.11 we get that Yg C Y ss and the fact 
that if x € Y$ its orbit is closed is Proposition 15.101 

On the other hand since K\\Y = W\Y$, the restriction of the quotient 
map 

7T : Y ss -» K\\Y 

to Yg is surjective. Given p £ K\\Y, vr _1 (p) contains a unique closed orbit 
and this by the first part is necessarily the orbit of a point in vr _1 (p) fll^ □ 
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